Abstract: Numerical solution of the incompressible Navier-Stokes equations poses a significant computational challenge due to the solenoidal velocity field constraint. In most computational modeling frameworks, this divergence-free constraint requires the solution of a Poisson equation at every step of the underlying time integration algorithm, which constitutes the major component of the computational expense. In this study, we propose a hybrid analytics procedure combining a data-driven approach with a physics-based simulation technique to accelerate the computation of incompressible flows. In our approach, proper orthogonal basis functions are generated to be used in solving the Poisson equation in a reduced order space. Since the time integration of the advection-diffusion equation part of the physics-based model is computationally inexpensive in a typical incompressible flow solver, it is retained in the full order space to represent the dynamics more accurately. Encoder and decoder interface conditions are provided by incorporating the elliptic constraint along with the data exchange between the full order and reduced order spaces. We investigate the feasibility of the proposed method by solving the Taylor-Green vortex decaying problem, and it is found that a remarkable speed-up can be achieved while retaining a similar accuracy with respect to the full order model.
Introduction
In the latest age of digitalization, industries demand technologies and algorithms that would make near real-time predictions, control and monitoring in the context of Digital Twin a possibility. A Digital Twin [1] may be defined as: the virtual representation of a physical object or system across its lifecycle, using real-time data and other sources to enable understanding, learning, reasoning, and dynamic recalibration for improved decision-making. Until recently, purely data-driven artificial intelligence and machine learning algorithms were looked upon as the most attractive enabling technologies for Digital Twins. However, owing to their blackbox nature, they have not yet found whole-hearted acceptance within the engineering community specially in critical applications. This has led to the development of a new field of research called the "Hybrid Analytics" that combines the interpretability, robust foundation and understanding of a physics-based modeling approach with the accuracy, computational efficiency, and automatic pattern-identification capabilities of advanced data-driven machine learning and artificial intelligence algorithms. The current work is an effort to demonstrate one way of conducting hybrid analytics involving a combination of an unsupervised machine learning algorithm called the proper orthogonal decomposition and a set of physics-based governing equations describing incompressible flows, of either gases or liquids, including a wide range of subjects in basic scientific and engineering research such as wind energy, hydrodynamics, heat and mass transfer, aerodynamics or biological fluid mechanics [2] [3] [4] [5] [6] .
Incompressible flows are fluid flows in which density changes do not affect the flow physics, i.e., the effect of pressure on density is negligible [7] . Although the filtering of such acoustics modes simplifies the underlying physics, there are some computational difficulties in solving the incompressible flow equations since they become parabolic-elliptic in their nature. Therefore, there have been many successful algorithms proposed to advance incompressible flow computations, and computational study of incompressible flow is still an active research field [8] [9] [10] . One basic approach for solving incompressible flow problems is known as artificial compressibility or the density-based method, where the computation is performed using a compressible form of Navier-Stokes equations [11, 12] . This approach usually requires using a smaller time step to satisfy the Courant-Friedrichs-Lewy (CFL) criterion for explicit time integration procedures. For example, if the average flow field Mach number is 0.05, then the time step for the density-based incompressible flow solver has to be approximately 20 times smaller than other flow solvers that use a primitive incompressible flow formulation.
Another widely used approach is the pressure-based method where the density is treated as constant in the entire flow domain. The challenging part in the modeling of the incompressible flows using a pressure-based approach is to find an appropriate equation to calculate a pressure field since the equation of state can not be used if the density is considered as a constant [13] . As a result, a Poisson equation is used to find the pressure field (or augmented pressure-like field) and the pressure-velocity coupling is done by satisfying the continuity equation or mass conservation. A large variety of solution techniques are developed based on the pressure-based method framework such as a projection algorithm for the primitive variable formulation [14, 15] , the vorticity-stream function formulation [16, 17] , the explicit pressure Poisson equation solution technique (compact schemes [18] , non-compact schemes [19] , staggered grid arrangements [20] , collocated grid arrangements [21] , momentum interpolation techniques [22] ), the implicit pressure Poisson equation solution technique (sequential methods [23] , operator splitting methods [24] , fractional step methods [25, 26] , marker and cell methods [27] , SIMPLE methods [28] , Pressure-Implicit with Splitting of Operators (PISO) methods [29] ), etc. Solving the pressure Poisson equation is also computationally costly since it is the most time-consuming part of the solver as well as having to be solved multiple times in each time step if a multi-stage solver is used. In the present study, we use the vorticity-stream function formulation approach for our physics-based full order modeling simulations to put forth a hybrid analytic framework combining this full order model with a data-driven technique.
Due to increasing demand on computational efficiency for simulating complex and large-scale dynamical systems, and limitation of computational resources to obtain high-fidelity simulations, there has been a substantial effort aimed at generating lower dimensional systems with a similar range of accuracy and validity. Model order reduction or reduced order modeling (ROM) is such a framework that replaces the large dimensional system with a lower dimensional one having a significant reduction in computational costs [30] [31] [32] [33] [34] . An overview of some of the widely used ROM techniques can be found in [35] . There is also a growing interest in developing machine learning methods for model order reduction in fluids [36] [37] [38] [39] [40] [41] [42] [43] . In our study, we have used the proper orthogonal decomposition (POD) framework coupled with the Galerkin projection, which is considered an efficient approach to generate ROMs for nonlinear systems [44] [45] [46] . The POD approach has been applied in a large number of problems involving fluids over the past few decades [47] [48] [49] where the most energetic modes (POD modes) of a given dataset are extracted to generate a reduced order system [50] . Other insignificant modes are excluded assuming that the selected POD modes capture the dominant characteristics of the system. The dataset to obtain POD basis functions can be generated from a high-fidelity experiment or numerical simulation of a large dimensional system. In addition, the POD modes can be generated based on the dataset obtained by an initial simulation or experimental data. However, similar to the other data-driven methodologies, POD modes cannot capture any physics outside of the given dataset. In our study, we have developed a POD-based ROM approach to accelerate the Poisson solver part of the pressure-based incompressible flow solvers.
Apart from the model order reduction approach, there are a considerable number of approaches that have been proposed to accelerate the incompressible flow solvers. For example, the coarse-grid projection (CGP) method reduces the number of grid points of the elliptic solver, which is the most time-consuming part of the problem to accelerate the flow simulation [51] . The CGP framework was initially proposed by Lentine et al. [52] for real-time visual simulation of computer games. Later, more developments have been made on this CGP methodology through several studies over the years [53] [54] [55] . Another common approach to decrease the computational expense of incompressible flow solvers is the implementation of robust multigrid (MG) solvers [56] [57] [58] [59] [60] . For an orthogonal coordinate grid system or certain ideal problems on equally-spaced grids, a fast Fourier transform (FFT)-based fast Poisson solver (FPS) is considered the fastest algorithm for solving Poisson equations [61] . We refer Ref. [53] to get a comparative analysis on the computational efficiency of these Poisson solvers along with the traditional iterative solvers. Furthermore, with the advancement of computational resources through graphics processing units (GPU), the incompressible flow simulations can be accelerated [62, 63] . Indeed, these GPU based approaches can be easily incorporated in our proposed approach due to the parallelism simplicity of the advection-diffusion part.
The main objective of this paper is to develop a novel hybrid analytics approach combining physics-based models with the data-driven reduced order models, which will contribute a firm unified foundation for the computational modeling and simulation of incompressible flow problems. Solving the elliptical equation in most of the pressure-based solvers is the main contributor of the overall computational cost when such incompressible flows are simulated. Even though there are a number of elliptic equation algorithms developed with a goal to accelerate the incompressible flow simulations, the numerical solution of the Poisson equation is still the most time-consuming part with respect to the advection-diffusion update [64] [65] [66] . Moreover, some of these advanced approaches are too complicated to implement in a generalized way, and also limited to certain conditions. In our hybrid analytics ROM (HA-ROM), we compute the Poisson equation in reduced order space to accelerate the flow simulation and solve the non-stiff advective-diffusive part in full order space to retain the accuracy. An encoder and decoder approach is utilized for the data exchange between the full order space and reduced order space. By implementing the hybrid analytics framework, significant savings in computational time are found with little compromise in the accuracy of the solutions since the computations in reduced order space lose some negligible amount of accuracy. Furthermore, it is found that the hybrid analytic framework not only accelerates the incompressible flow solver, but also reduces much of the computational complexities in solving Poisson equation by precomputing the basis function and ROM coefficient before the start of online computation. To assess the idea, we consider two simple numerical test cases and compare the obtained hybrid analytics solution with the full-order simulation solution as well as with the analytical solution.
The rest of the paper is structured as follows. Section 2 provides the mathematical models including the governing equations for incompressible flow in terms of the primitive variables fractional step and vorticity-stream function formulations. The proposed hybrid analytics approach is introduced and illustrated in Section 3 along with a detailed description of physics-based modeling and data-driven modeling. The respective flow solver algorithms are also presented and described in the subsections. In Section 4, the hybrid analytics framework is applied to the numerical test problems and our results are presented for solving the Taylor-Green vortex decaying problem. The results are also compared with the analytical solution and the full order model solution in this section. Finally, the summary of the other sections is presented as well as the conclusions drawn based on the results in Section 5.
Mathematical Modeling of Incompressible Flows
The governing equations for unsteady two-dimensional incompressible flows in terms of primitive variables, velocity u and pressure p can be written in a dimensionless form as
where Re is the Reynolds number and p is the non-dimensional pressure variable. To illustrate the physics-based modeling, we have used the fractional step method, also referred to as a time-splitting or projection method [67] [68] [69] . This is an implicit approach to ensure divergence free evolution of velocity field for incompressible Navier-Stokes equations. In this approach, the solution procedure of momentum equation is split into the predictor step, pressure correction step and the projection step. The first step is called the predictor step, in which the advection-diffusion equation is solved to estimate the velocity field. The advection-diffusion equation can be obtained by excluding the pressure gradient term from the momentum equation and can be expressed as ∂ũ ∂t
The second step is the pressure correction step where a pressure Poisson equation is solved. The pressure Poisson equation is formed using the intermediate velocity fieldũ obtained by solving the advection-diffusion equation and can be written as follows:
Finally,ũ is projected onto the divergence-free space in the projection step to obtain the corrected velocity field using the following equation:
A state-of-the-art algorithm for a predictor-corrector type of fractional step method can be found in Ref. [70] . On the other hand, the vorticity-stream function formulation can also be used to solve the incompressible flow problems that eliminates the projection inaccuracies observed in the fractional step formulation using primitive variables [14] . In terms of the hybrid analytics framework proposed in this study, we can consider either a vorticity-stream function method or primitive equation fractional step method since both of them require solutions of an elliptic equation with each time step. For two-dimensional flows, it is more beneficial to use vorticity-stream function formulation in a sense that it is free of odd-even decoupling (checkerboard patterning issue) while satisfying the mass conservation by eliminating the pressure from governing equations as well as the number of equations to be solved being reduced [71] . By taking the curl of the momentum equations of the Navier-Stokes equation, the dimensionless form of the governing equations can be written as
where ω is the kinematic vorticity field, defined as
For two-dimensional flow in the x-y plane, i.e., ω = (0î, 0ĵ, ωk), the z component of the vorticity field becomes
The flow velocity components can be found from the stream function ψ using the following definition:
In Cartesian coordinates,
The kinematic equation connecting the vorticity and stream function can be found by substituting the velocity components in terms of stream function in Equation (8), which forms the following Poisson equation:
Putting the definitions of velocity components in terms of stream function and vorticity from Equations (8) and (10), respectively, in Equation (6), we get
where J(ω, ψ) is the nonlinear Jacobian, defined as
In our study, we have used the vorticity-stream function formulation to illustrate the idea because of its advantages over the primitive variables formulation for two-dimensional flows. The numerical modeling of the above formulation will be discussed in Section 3.1.
Hybrid Analytics
The proposed hybrid analytics approach can be applied to any parameterized partial differential equation (PDE) system (in our case, two-dimensional Navier-Stokes equations for incompressible flows) which combines a full order treatment for the computationally non-stiff part of the problem with an optimized reduced order treatment for the stiff time-consuming part to generate a more efficient and robust solution. In general, the Poisson equation solver is the computationally stiff part of an incompressible flow solver, i.e., it occupies the majority percentage of the overall computational costs, whereas the advection-diffusion solver is the computationally non-stiff part. For example, the computational cost of the Poisson equation part in a Gauss-Seidel iteration based incompressible flow solver is O(N 2 ) and the computational cost of the advection-diffusion part is O(N). Here, N is the total number of the degrees of freedom in a two-dimensional system. Even though there are some optimal Poisson solvers available to accelerate the overall flow simulation (e.g., O(NlogN) for FPS), it is found that the computational cost is still higher for the Poisson equation solver [53] . In a hybrid analytics framework of an incompressible flow solver, we compute the elliptic Poisson equation in the reduced order space using any ROM architecture (like POD) so that the ROM coefficients and POD basis functions can be precomputed before the time iteration starts. As a result, the only thing that needs to be updated in the Poisson equation at each time step is the modal coefficients of the ROM.
The details about the reduced order modeling framework will be presented in Section 3.2. On the other hand, we need the updated vorticity field data from full order model (FOM) to compute the modal coefficients in reduced order space, and then the updated modal coefficients data are sent to the full order space to update the stream function field. This data transfer between full order space and reduced order space is done by an encoder and decoder approach. The proposed hybrid analytics reduced order modeling approach to accelerate incompressible flow solvers will be detailed in Section 3.3. As shown in Figure 1 , our hybrid analytics framework can be summarized as follows:
Identify computationally stiff and non-stiff parts of the problem, 2.
Build a data-driven model to solve the stiff part efficiently, 3.
Establish encoder and decoder approaches for data transfer between the stiff and non-stiff sub-problems. 
Physics-Based Modeling
We do all the computations in full order space for the physics-based modeling. The spatial discretization of the partial differential equations (PDEs) given by Equation (12) leads to a system of coupled ordinary differential equations (ODEs) in the following simplified form:
where R denotes the discrete expression of spatial derivative operator including the nonlinear convective terms and the linear diffusive terms. We use the finite difference approximation to discretize the Equation (14) as
Here, the right-hand side can be expressed by R n i,j = −J(ω n i,j , ψ n i,j ) + 1 Re ∇ 2 ω n i,j for the Euler scheme. To avoid computational instabilities arising from nonlinear interactions, we use second-order skew-symmetric, energy and enstrophy conserving Arakawa scheme for the nonlinear Jacobian [17] . The Jacobian defined in Equation (13) can be expressed as
where
Here, ∆x and ∆y are the step size in x-and y-directions, respectively. We refer to Ref. [46] to find the detailed derivation of higher order Arakawa schemes. We also noted that we can simply use J(ω i,j , ψ i,j ) = J 1 (ω i,j , ψ i,j ) in our study, since the utilization of the energy conserving Arakawa scheme wouldn't be that critical for solving the Taylor-Green vortex decaying problem presented in Section 4.2. For the time advancement in Equation (14), we have employed an optimal third-order-accurate total variation diminishing Runge-Kutta (TVDRK3) scheme [72] . The TVDRK3 scheme has been commonly used for the solution of hyperbolic conservation laws with the presence of nonlinearities [73, 74] . Starting from the given vorticity field, ω (n) , at the current time step, the steps to compute the vorticity at the next time step, ω (n+1) , are given in the algorithm below:
The elliptic Poisson equation given by Equation (11) needs to be solved three times at every time step in the above formulation to update the vorticity field. In general, the common and simple iterative type of solvers (e.g., Richardson-Jacobi, alternating direction implicit (ADI), Gauss-Seidel (GS) or successive over relaxation (SOR)) are used to solve the Poisson equation, which can be upgraded to accelerate the performance using advanced numerical algorithms. In the current study, we have considered the Euler pseudo-time iteration approach during the computation of Poisson equation in our numerical test cases to present the idea without much computational complexities. This approach has also been used in the literature due to its straightforward extension while designing high-order computational schemes for incompressible flows [75] . To illustrate the pseudo-time iteration approach, we can write Equation (11) as
where τ is the pseudo-time. The pseudo-time step will be advanced until ∂ψ ∂τ ≈ 0 that means until the steady-state solution of ψ is obtained. The discrete form of Equation (29) can be written as
where residual term
Here, ∆x and ∆y are the grid spacing in x-and y-directions, respectively. From the von Neumann numerical stability criterion, the maximum pseudo-time increment ∆τ max can be found as
Putting the ∆τ max in Equation (30), we get
In our study, we use maximum available ∆τ and equal grid spacing, i.e., ∆x = ∆y = h which yields a scheme similar to the Richardson-Jacobi iterative method. We can write the following discrete Poisson equation for the Richardson-Jacobi iterative method using the second-order finite difference method for equal grid spacing:
Putting ∆x = ∆y = h in Equation (33), we get
If we simplify Equation (35) further, we will find Equation (34) i.e., the Richardson-Jacobi equation.
Data-Driven Modeling
We have used a standard projection methodology in the data-driven modeling approach where a reduced order modeling framework is developed based on the stored sample solution of FOM in a data matrix, known as snapshots [76, 77] . We utilize the POD model reduction framework, which is widely used in science and engineering applications with large dimensional systems of nonlinear ODEs or PDEs. The purpose behind the reduced order modeling approach is to reduce as well as represent a large dimensional system into a low-dimensional one by extracting the most energetic data sets or modes. This technique has a significant benefit in reducing the computational cost since the calculation is done in the reduced order space. The full order physics-based model is solved to generate and record the data snapshots for basis construction. The rest of the computations are built on these datasets. Hence, we denote this approach as a data-driven modeling approach. In our study, we solve the pressure Poisson equation given by the Equation (11) in reduced order space where we should compute ψ from given ω. To compute the POD basis functions, we first obtain Q number of snapshots for stream function field, ψ, by solving Equation (29) in full order space using a physics-based model. At pseudo-time τ = τ q , the stream function field ψ(x, y) can be denoted as ψ(x, y, τ q ) for q = 1, 2, ..., Q. A correlation matrix can be constructed from these snapshots data by
where Ω is the two-dimensional domain, and i and j refer to the snapshot indices. We can define the inner product of two functions f = f (x, y) and g = g(x, y) as
which yields α ij = ψ(x, y, τ i ), ψ(x, y, τ j ) from Equation (36 
In general, most of the subroutines for solving Equation (38) give Γ with all of the eigenvectors normalized to unity. The orthogonal POD basis functions for the vorticity field can be calculated by
where λ i is the i th eigenvalue, γ q i is the q th component of the i th eigenvector, and φ i (x, y) is the i th POD mode. We must note that the eigenvalues should be stored in descending order for practical purposes, i.e., λ 1 ≥ λ 2 ≥ ... ≥ λ Q and the eigenvectors must be normalized in such a way that the basis functions satisfy the following orthogonality condition:
Now, we can represent the stream function variable ψ(x, y, τ) into POD modes by doing the separation of variables as
where a i is the time-dependent (pseudo) modal coefficients and R is the total number of retained modes by truncating the total Q bases where R << Q. These R largest energy containing modes correspond to the largest eigenvalues (λ 1 , λ 2 , ..., λ R ). We get the following equation by putting the value of ψ(x, y, τ) in Equation (29):
To obtain the standard ROM, we perform an orthogonal Galerkin projection by multiplying Equation (42) by the POD basis functions, φ k and integrating over the domain Ω [79] . The resulting dynamical system for a k can be expressed as
The system given by Equation (43) consists of R coupled ordinary differential equations for modal coefficients, a k , which can be solved numerically by any suitable time integration scheme. In addition, the POD basis functions, φ k and ROM coefficients, L k i can be precomputed from the snapshot data, which makes the system more efficient. The initial guess for the modal coefficients can be obtained by the stream function at a known stage, which will be described in Section 3.3. It is observed that the first few POD modes can capture most of the system's dynamics using a standard ROM for a periodic boundary condition [80] . Still, there are possibilities of inaccuracy in the solution due to neglecting the contributions of the higher POD modes. To avoid these instabilities, stabilization schemes can be used to improve the performance of the ROM framework [81] [82] [83] [84] [85] [86] [87] [88] . In the POD-ROM framework, there are a number of times we compute the inner products of two quantities. In this study, we have computed the inner products by taking the integral of the product over the domain Ω using the dual integration method for Simpson's 1/3rd rule [89] . To illustrate the integration technique, we can consider u(x, y) = f (x, y)g(x, y) so that it can be written
Here, N x and N y are the even number grid points in both x and y directions, respectively.
Hybrid Analytics ROM (HA-ROM) to Accelerate Incompressible Flow Solvers
With a goal to reduce the computational cost associated with Poisson solver, we compute the Poisson equation in a reduced order space for HA-ROM framework. It reduces the overall computational cost significantly in each time step by precomputing the POD basis functions and ROM coefficients. The rest of non-stiff parts of the incompressible flow solver can be calculated in the full order space since they do not contribute much in overall computational cost. In addition, we can retain the computational accuracy by computing the advection-diffusion equations in full order space since there is always some loss of accuracy in model order reduction. For the Poisson equation, the gain in computational cost is found considerably higher than the loss of accuracy, which will be shown in Section 4. In our novel HA-ROM framework, we link the data transfer between the stiff and non-stiff sub-problems by establishing an encoder/decoder approach based on the inner product projection. At first, we do the offline analysis by precomputing the POD basis functions for stream function field and ROM coefficients in a similar way as discussed in Section 3.2. During online computation, we solve the advection-diffusion equation from given vorticity and stream function fields at the nth time step in a similar way as illustrated in Section 3.1, which gives the updated vorticity field in full order space.
Then, we have to solve the Poisson equation to find the updated stream function field, which has to be done in reduced order space for the HA-ROM framework. For that purpose, we transfer the updated vorticity and precomputed basis functions to reduced order space in the encoder step. Then, we solve the ROM of the Poisson equation using a pseudo-time iteration method to get the updated modal coefficients. To complete the ROM dynamic system, we need an initial guess for the modal coefficients, which can be calculated by doing the inner product of the stream function at a known stage and precomputed POD basis functions. In the decoder step, we transfer updated modal coefficients data from reduced order space to full order space to update the stream function field. In summary, we solve the problem in HA-ROM framework by using the method described in Section 3.1 where the Poisson equations are solved in reduced order space using ROM described in Section 3.2 and the data exchange is done by an encoder and decoder formulation. The HA-ROM framework can be expressed by the following algorithm:
1.
Offline analysis: 
2.
Online computation:
(a) FOM update: given ω n and ψ n fields, solve the advection-diffusion equation (i.e., computationally non-stiff part) and update the vorticity field:
where F refers to the numerical discretization operators given by Equations (22), (25) and (28) . Before proceeding to the next computational step, the Poisson equation has to be solved (i.e., stiff part) to obtain the stream function. (b) Encoder (ROM ← FOM): transfer data from the full order space to the reduced order space by using the following projection:
and compute an initial guess for the modal coefficients using the stream function at a known stage
(c) ROM: solve the reduced order model of the Poisson equation until reaching a steady-state
Since we are interested in a steady-state solution, the Euler scheme can be used:
do while ||a
end,
where we consider ∆τ = ∆t in our simulations. However, it should be noted that larger ∆τ can be used since the ROM equation is not limited to the numerical stability criterion of the discretized equation. Here, we specify a stopping criterion for the residual using the definition of the Euclidean norm as ||a
transfer data from the reduced order space to the full order space by using the following definition:
(e) Continue to step (a).
Results
In this section, we investigate the proposed HA-ROM model by solving a simple canonical elliptical problem and the Taylor-Green vortex (TGV) decaying problem. At first, the performance of the ROM framework is tested by solving a two-dimensional Poisson equation with homogeneous boundary conditions. Later, we use this ROM based Poisson solver in our HA-ROM framework to illustrate the feasibility of the model for solving the two-dimensional TGV case. Although these examples concern very basic flow situations where only one or two POD modes dominate and are therefore necessary, its extension to fully three-dimensional flows (e.g., simulations of the three-dimensional TGV [90] , turbulent channel [91] or cross flows [92] [93] [94] ) is conceptually straightforward, a topic we intend to investigate in our future studies. The benchmark two-dimensional TGV test problem with periodic boundary condition is chosen here because of its simplicity in order to illustrate the hybrid analytics approach. Moreover, the two-dimensional TGV problem has a known exact analytic solution of the unsteady, incompressible Navier-Stokes equations (i.e., due to the lack of the vortex stretching mechanism), which can be used to validate the results obtained from the HA-ROM model. We also compare our result with the full order finite difference solution to get a comparative idea about the performance of the HA-ROM model. To measure the accuracy and predictive performance of the models, we have utilized two different norms in this study. They are the infinity or maximum norm L ∞ :
and the root mean square or Euclidean norm L 2 :
where, for the vorticity-stream function formulation, the error, i.e., the difference between the computed and exact solution is:
Reduced Order Modeling Results for a Canonical Elliptic Problem
To validate the Poisson solver in reduced order space, we consider a simple generalized Poisson equation for u field in the Cartesian unit square domain (x, y) ∈ [−1, +1] 2 given by
where f (x, y) = −2(2 − x 2 − y 2 ) with the Dirichlet boundary condition everywhere on the boundary and the exact solution of the Equation (60) is:
We generate 100 snapshots by solving Equation (60) in full order space by taking 64 2 grid resolution. Then, the POD data correlation matrix is constructed using these 100 snapshots. Figure 2 shows the distribution of eigenvalues of the correlation matrix of u field data with respect to POD index where the figure represents the accumulation of energies in the form of eigenvalue magnitudes. Some corresponding basis functions are plotted in Figure 3 . It can be clearly seen that the first mode captures most of the system's kinetic energy (99.99%). It indicates that this system is very suitable for model order reduction since the energy is concentrated in a very small number of modes. As a result, we can easily exclude other less significant modes to convert it into a low dimensional system. The relaxation histories against the number of iterations of the first two modal coefficients are presented for different POD modes in Figure 4 , which means the history of the convergence to steady-state for the modal coefficients. Since we plot in logarithmic scale, it can be easily seen that the change of coefficients in pseudo iterations becomes negligible after 5000 relaxation steps. The number of relaxation iterations can be substantially reduced by choosing a smaller ∆τ. However, the solution of the Poisson equation in our ROM setting adds a negligibly small computational cost since R is very small. The relaxation history plots also show that the increase of POD modes does not affect the system at all for first modal coefficient rather increasing more modes cause some inaccuracies as observed for the second modal coefficient. This is reasonable since the first mode contains 99.99% of the energy, which is considered a sufficient total kinetic energy for the optimal number of modes in most of the POD studies [95] . In Figure 5 , plots (a) and (b) are presented to show a comparative representation between FOM and ROM (for R = 1). We can say that only one POD mode, i.e., R = 1 of ROM is generating an almost identical solution to the FOM solution, whereas ROM is taking much less CPU time than the FOM model. By looking at the plots in (c)-(f), it is obvious that errors are slowly increasing with the increase of the number of POD modes. The error for the u field is calculated using Equations (57)- (59) . The source of this error can be the over-estimation of true physics in higher modes [95] since it is shown by Iollo et al. [45] that the high frequencies are filtered out when only a few POD modes are retained. For this reason, the higher modes can contain the unwanted frequencies that can be the source of inaccuracies once the optimal mode is found [96] . To further illustrate the quantitative analysis and predictive performance of the ROM model for this particular problem, we tabulated the infinity norm and Euclidean norm for POD modes up to 10 modes in Table 1 . As we can see, the error magnitudes are bounded and small even if we use a higher number of modes. Even though the error is decreasing with the increment of R, the order of error magnitude is almost constant after R = 4, which again supports the claim that the higher order modes don't contribute to the dynamics for this particular problem. (a) (b) 
Hybrid Analytics Results for the Taylor-Green Vortex Decaying Problem
In this section, the HA-ROM model in the vorticity-stream function formulation is analyzed by solving the classical TGV problem in a two-dimensional square domain. TGV problem is a well-defined unsteady flow of a decaying vortex, and is an exact closed form solution of the incompressible Navier-Stokes equations in Cartesian coordinates. As a result, TGV has become one of the most popular numerical test cases for model validation, and has been appeared in a lot of literature [97] [98] [99] [100] . The initial condition of a two-dimensional TGV problem involves the smooth periodic boundary condition and consists of a trigonometric polynomial in all directions. The analytic solution in a uniformly spaced computational domain with an edge length of 2π is given for a velocity field by u exact (x, y, t) = −cos(kx)sin(ky)e −2k 2 t/Re ,
and, for vorticity and stream function fields,
where k is an integer representing the number of vortices in each direction. In our simulation, we consider k = 2, Reynolds number, Re = 10 and grid resolutions of 64 2 or 128 2 with a time step of 1 × 10 −3 for the TVDRK3 time integration scheme. Figure 6 shows the visual representation of decaying vorticity field with the time evolution for the TGV problem. It can be seen that the dynamics of the problem exhibit only the decaying process. Similar to the eigenvalue magnitude plot in Section 4.1, we plot the eigenvalues of the correlation matrix of stream function data as shown in Figure 7 . It is again showing that the first mode contains about 99.99% of energy of the system. Since the nonlinear Jacobian given by Equation (13) becomes nearly zero for this problem, the eigenvalue magnitudes decay rapidly as seen in Figure 7 . Contour plots of some POD basis functions are shown in Figure 8 where the smaller structures in the plot are represented by modes corresponding to higher POD indices. It can be noted that the first POD basis function correctly captures the TGV vortex arrays. On the other hand, Aubry et al. [101] showed in their work that a necessary condition for determining the finite number of POD modes needed to derive an accurate finite set of ordinary differential equations is that the truncated system has to inherit the symmetry properties of the original system. In our case, the first POD basis function is well reconstructed, and inherits the symmetric property. We can see in Figure 9 from the error plot of total enstrophy that the effect of higher modes is more pronounced in high resolution simulations for the HA-ROM model. The total enstrophy is calculated using the following expression: As shown in Figure 9 , the total enstrophy versus time plot does not show any significant variations for exact FOM and different POD modes solutions for both 64 2 and 128 2 resolutions. Nonetheless, the close-up error plots show that the R = 10 solution deviates a little from the FOM, R = 1 and R = 5 solutions for 64 2 resolution, yet both R = 5 and R = 10 solutions deviate from FOM and R = 1 solutions for 128 2 resolution. We can conclude from this finding that the higher mode solutions can deviate further if we increase the resolution more. Considering R = 1 as an ideal case, we develop our HA-ROM model for analysis. In Figure 10 , comparison of the FOM and HA-ROM solutions at t = 1 is presented through errors for vorticity field against (x, y) plots. It can be seen that, for both 64 2 and 128 2 resolutions, the error contour is almost identical. However, the HA-ROM computations take around 136 times (for 64 2 resolution) and 531 times (for 128 2 resolution) less than the FOM computations. To get more quantitative idea, we present the error plot and total CPU time required for both FOM and HA-ROM models (for POD modes up to 10) on 64 2 resolution and 128 2 resolution in Table 2 . It can be seen that HA-ROM (R = 1) solutions, for both resolutions, give errors of the same order magnitude of the FOM solutions, whereas the HA-ROM solutions for higher modes indicate an overestimation of true physics. This can be explained in such a way that the first mode, as shown in Figure 8 , represents the TGV dynamics seamlessly. However, we have included higher R values in our analysis in order to show that the error produced by higher POD modes (i.e., overfitting) is bounded. Furthermore, HA-ROM (R = 1) computations are the fastest among the other mode computations, even though a small amount of accuracy is compromised. Overall, we can say that the HA-ROM (R = 1) exhibits better predictive characteristics of the FOM solutions in a very short amount of time, i.e., a significant amount of reduction in computational cost can be achieved using the HA-ROM (R = 1) model for this test case. − ω Exact ). Table 2 . A quantitative analysis and predictive performance of the proposed HA-ROM framework for the decaying Taylor-Green vortex (TGV) problem. Note that the error increases with increasing R for this problem because the first mode fully represents the TGV dynamics as shown in Figure 8 . 
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Conclusions
This study presents a computational framework for accelerating incompressible flow computations. We propose a hybrid analytics paradigm combining physics-based modeling with data-driven modeling. Our physics-based computational model consists of a finite difference approximation of the unsteady two-dimensional Navier-Stokes equation. This model requires solving a Poisson equation at each time step (or sub-stages for multistage Runge-Kutta algorithms), which constitutes a computational stiffness to the problem. Depending on the tolerance set for the Poisson equation, most incompressible flow solvers require O(10)-O(10 3 ) sub-iterations for solving this elliptic sub-problem at each step. Although there are optimal Poisson solvers (e.g., direct solvers such as fast Poisson solvers based on Fast Fourier Transform or its variants, or iterative multigrid solvers), their computational cost still exceeds the computational cost required for the advection-diffusion part of the solver in most computational setups. Therefore, in this study, we have established a numerical approach to reduce the associated computational cost such that proper orthogonal basis functions are generated to be used in solving the elliptic sub-problem in a reduced order space.
The proposed hybrid analytics paradigm addresses the computational stiffness due to computing of such an elliptic sub-problem. We design a reduced-order model for solving the Poisson equation using a projection approach originating from a set of proper orthogonal decomposition basis functions. Unlike the classical iterative solvers for the Poisson equation, we project the source term into a reduced order space (encoder), perform the iterations on that space (ROM), and then transfer the solution back to the full order space (decoder) to continue to the next step. We introduce data transfer procedures (i.e., encoder and decoder formulations) to fulfill these tasks. We emphasize that the computational costs of these mapping procedures are negligibly small.
In order to assess the computational performances of the proposed hybrid analytics method, we consider two numerical experiments. First, we validate the iterative procedure for solving a canonical Poisson equation. Then, we applied the hybrid analytics paradigm for the solution of two-dimensional Navier-Stokes equations considering its vorticity-stream function formulation. The simulations of the decaying Taylor-Green vortex problem are presented to demonstrate the feasibility of our approach. We compare our hybrid approach with the classical full-order finite difference solution as well as with the analytical solution. We perform a quantitative comparison with respect to the number of retained modes in both problems. Significant savings in computational time are found with little compromise to the accuracy of the solutions. Furthermore, we emphasize that our hybrid analytics approach is modular and can be expanded into various formulations for solving a multitude of problems dealing with the incompressibility constraint. The present examples concern very basic flow situations where only a few POD modes dominate the underlying dynamics. In our future studies, we will continue to investigate the validity of the proposed approach for solving three-dimensional flows such as a wake at a rather large Reynolds number. We anticipate that retaining a higher number of POD modes would be necessary to represent more complex flow dynamics.
Although the methodology has been demonstrated for a much simpler problem in comparison to what is expected in the context of Digital Twin, we stress the fact that the field of hybrid analytics research is in its infancy and work is currently ongoing to combine more advanced machine learning algorithms like deep neural network and convolutional neural network with physics-based equations. Such hybrid approaches combining data science methods with physics offer promises in diverse application areas of fluids [102] [103] [104] [105] [106] [107] [108] [109] , and we will continue to advance this new envisioned field of research. 
